Abstract. We characterize linear maps on von Neumann algebras which leave every unital subalgebra invariant. We use this characterization to determine linear maps which respect unitary conjugation, answering a question of M. S. Moslehian.
Introduction
Let H be a complex, separable Hilbert space and let B(H) be the algebra of all bounded operators on H. 
∀X ∈ B(H),
for every unitary U on H. We answer this question by first proving a theorem characterizing linear maps on von Neumann algebras which leave all subalgebras invariant. Before we prove this Theorem in general, we prove a special case as a Lemma and recall Halmos decomposition for pairs of generic projections. In the following for any projection p, p 
Maps leaving subalgebras invariant
where matrices A i 's are If α does not satisfy the assumption made above, consider β where,
Proving the result for β is as good as proving the result for α.
For any two projections p, q, denote the largest projection smaller than both p and q by p ∧ q. Recall that two projections p, q are said to be a generic pair if If A has no non-trivial projection then A is isomorphic to C and there is nothing to show. Suppose p is a non-trivial projection in A and if only other non-trivial projection A has is (I − p),then A is isomorphic to C 2 and once again the result is obvious. In the following we exclude these two trivial cases.
Suppose p is a projection in A then the von Neumann algebra generated by p and I is {ap + bI : a, b ∈ C}. It is abelian and hence left invariant by α. This shows that for any projection p in A, 
Multiplying this by p 3 , yields, scalars a 1 , a 2 
By spectral theorem every self-adjoint element of A can be approximated in norm by elements of the form i a i p i . It follows that, for every self-adjoint element x ∈ A, α has the form,
for some ψ(x) ∈ C. By continuity and linearity of α, it is clear that ψ is a continuous linear functional. 
Unitary Conjugation
Finally, we have the result we were looking for. (
Proof. Clearly (ii)⇒ (i). Now suppose A is a von Neumann subalgebra of B(H) with I ∈ A. If U is a unitary in the commutant von Neumann algebra A we get
However every element in a unital C * is algebra is a linear combination of at most four unitaries. Hence 
